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A MULTIMODULUS ELASTICITY THEORY 

S. A. Ambartsumyan and A. A. Khachatryan 

This paper cons iders  c e r t a i n  ques t ions  regard ing  t h e  ap- 
p l i c a t i o n  of e l a s t i c i t y  theory t o  bodies  whose materials re- 
sist ex tens ion  and compression i n  d i f f e r e n t  ways. Some for -  
mulas and theorems of t h e  c l a s s i c a l  theory of e l a s t i c i t y  are 
presented  and t h e i r  v a l i d i t y  i s  demonstrated f o r  t h e  consid- 
e red  material. 

1. The multimodulus theory of e l a s t i c i t y  f o r  i s o t r o p i c  e l a s t i c  materials 
wi th  t h e  e las t ic  c h a r a c t e r i s t i c s  E+ and v+ (upon ex tens ion  i n  any d i r e c t i o n )  
and E- and V- (upon compression i n  any d i r e c t i o n ) ,  as i s  known [ l ,  21, d i f f e r s  
from t h e  c lass ical  e l a s t i c i t y  theory only by t h e  l a w  of e l a s t i c i t y  appl ied .  
t h e  multimodulus theory of e l a s t i c i t y ,  the  genera l ized  l a w  of e l a s t i c i t y  i n  a 
r ec t angu la r  system of coord ina tes  x, y,  z has  t h e  fol lowing form [ l ,  21: 

I n  

where, a long  wi th  t h e  known des igna t ions  [ 3 ] ,  w e  a l s o  have 

Here f3 is one of t h e  p r i n c i p a l  d i r e c t i o n s  of t h e  stresses and s t r a i n s  a t  a 
g iven  p o i n t ;  a 

r e c t i o n  6; m are t h e  d i r e c t i o n  cosines .  

i s  t h e  p r i n c i p a l  stress which corresponds t o  t h e  p r i n c i p a l  d i -  f3 
i 

I n  o r d e r  t o  make t h e  fol lowing d iscuss ion  more s p e c i f i c ,  t he  genera l ized  
l a w  of e l a s t i c i t y  (1.1) i s  w r i t t e n  f o r  a case when t h e  p r i n c i p a l  d i r e c t i o n  ag 

h a s  a s i g n  which i s  d i f f e r e n t  from t h a t  of t h e  o t h e r  two p r i n c i p a l  stresses (5 a 
and 0 

a = l / E - ,  a = -v+h+= *-/E- f o r  the e l a s t i c i t y  f a c t o r s  a o r  when 0 > 

0, a < 0, (5 < 0, due t o  which we have a = l / E - ,  a = l / E + ,  and a = ++/E+ 

i.e., when ag < 0, aa > 0, and 0 > 0,  due t o  which w e  have a = 1/E+, 
Y' Y 11 

22 12  i k ;  B 
Y a 11 22 12 

/64* 

= -V-/E- f o r  aik. 

%umbers i n  t h e  margin i n d i c a t e  paginat ion i n  t h e  fo re ign  t e x t .  
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Solving system (1.1) w i t h  r e spec t  t o  t h e  stresses, we  o b t a i n  

We o b t a i n  t h e  fol lowing f o r  0 i n  s t r a i n s  by d i r e c t  c a l c u l a t i o n  [l]: B 

The genera l ized  1,aw of e l a s t i c i t y  (1.1) i s  e a s i l y  expressed i n  t h e  p r i n c i -  
p a l  d i r e c t i o n s  of stresses and s t r a i n s  a ,  B y  y: 

The re la t ive p o s i t i o n  of t h e  p r i n c i p a l  d i r e c t i o n s  a, B y  y wi th  r e s p e c t  t o  
t h e  coord ina te  axes  x, y ,  z a t  a given po in t  are determined by means of n i n e  di-  
r e c t i o n  cos ines  (see diagram) which are r e l a t e d  by t h e  fol lowing dependences*: 

/& 

W e  s h a l l  p re sen t  known formulas f o r  t h e  t ransformat ion  of t h e  stress and 
s t r a i n  components a t  a given po in t  i n  the  t r a n s i t i o n  from one coord ina te  system 
t o  ano the r ,  r e l a t e d  by diagram (1.8), under t h e  condi t ion  t h a t  a, 6, and y are 
t h e  p r i n c i p a l  d i r e c t i o n s  of the  stresses and s t r a i n s :  

The symbol ( X ~ V )  denotes  t h a t  o t h e r  r e l a t i o n s h i p s  are obta ined  by c y c l i c  * 
permuta t ion  of X ~ V .  [Trans l a to r ' s  no te :  Probably t h e  ( l m n )  i n  (1.8) is  in ten-  
ded. 3 
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o r  

f o r  t h e  stress components 

o r  

(1.10) 

(1.11) 

(1.12) 

As w e  know [3] ,  f o r  stress components, and a l s o  s t r a i n  components, t h e r e  
e x i s t  i n v a r i a n t s  which do n o t  depend on the  t ransformat ion  of t h e  coord ina te  
axes.  
which con ta ins  components bo th  of stress and of s t r a i n ,  and which a l s o  i s  in- 
v a r i a n t  w i t h  r e s p e c t  t o  t h e  t ransformation of t h e  coord ina te  a x i s  . 

Along w i t h  t h e  known i n v a r i a n t s ,  we s h a l l  p r e s e n t  one more r e l a t i o n s h i p  

* 

(1.13) 

W e  s h a l l  c a l l  t h i s  i n v a r i a n t  a mixed i n v a r i a n t .  

2. Proceeding from t h e  ex i s t ence  of an e las t ic  p o t e n t i a l  f o r  t h e  multimod- 
u l u s  body which w e  are consider ing,  and a l s o  tak ing  i n t o  account t h e  l i n e a r  re- 
l a t i o n s h i p s  (1 .7) ,  t h e  fol lowing can be obtained f o r  t h e  s p e c i f i c  p o t e n t i a l  en- 
e rgy  of s t r a i n  [3] :  

(wall -4- QAV + 5-,eyr) (2 1 )  w = 

Consider ing express ion  (2.1) and tak ing  i n t o  account t h e  mixed i n v a r i a n t  
(1.13), l e t  us  n o t e  t h a t  t h e  s p e c i f i c  p o t e n t i a l  energy of s t r a i n  i n  t h e  coordi-  
n a t e  system x ,  y ,  z i s  expressed by t h e  formula: 

Thus, t h i s  formula,  which i s  known i n  the theory of e l a s t i c i t y  as t h e  
Clapeyron formula,  a l s o  a p p l i e s  f o r  t h e  considered body. 

%e sha l l  n o t  prove t h e  invar iancy  of express ion  (1.13) i n  view of t h e  ele- 
mentary character and clumsiness of the de r iva t ions .  
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S u b s t i t u t i n g  the va lues  f o r  the s t r a i n s  from (1.1) i n t o  ( 2 . 2 ) ,  w e  o b t a i n  
t h e  fol lowing a f t e r  c e r t a i n  t ransformations f o r  W i n  stresses: 

Using t h e  l a w  of e l a s t i c i t y  (1.4) and formula (1.6) ,  the e l a s t i c  p o t e n t i a l  
(2 .2)  can be  represented  by the  s t r a i n :  

3. 
i n t e r n a l  e las t ic  f o r c e s  have a p o t e n t i a l ,  then,  independent ly  of t h e  l a w  of 
e l a s t i c i t y ,  the fol lowing Green formulas apply: 

It has  been proven i n  t h e  c l a s s i c a l  theory of e l a s t i c i t y  t h a t  i f  t h e  

It has  a l s o  been proven t h a t  i f  an e l a s t i c  body is governed by t h e  genera- 
l i z e d  Hooke l a w ,  Cas t ig l i ano  formulas a l s o  apply f o r  i t :  

W e  s h a l l  now prove t h a t  Cas t ig l iano  formulas a l s o  apply f o r  t h e  multimodu- 
l u s  material w e  are cons ider ing ,  which is cha rac t e r i zed  by t h e  genera l ized  l a w  
of e l a s t i c i t y  (1.1) o r  (1.4) [2 ] .  

To do t h i s ,  w e  s h a l l  c a l c u l a t e  the pa r t i a l  d e r i v a t i v e  of W wi th  r e s p e c t  t o  
Ox and s h a l l  i n d i c a t e  that  i t  is  equal  t o  e On t h e  b a s i s  of (2.3),we ob ta in :  xx' 

Comparing ( 3 . 3 )  w i t h  t h e  f i r s t  r e l a t i o n s h i p  ( l . l ) ,  w e  n o t e  t h a t  i n  o rde r  
t o  prove o u r  statement i t  i s  necessary t o  i n d i c a t e  t h a t  
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Having ca l cu la t ed  the p a r t i a l  d e r i v a t i v e  of 0 (1.12) wi th  r e s p e c t  t o  0 , B X w e  o b t a i n  

W e  s h a l l  now i n d i c a t e  t h a t  t h e  expression enclosed i n  t h e  b racke t s  i n  for -  
mula (3 .5 )  is  equal  t o  zero.  

To do this ,  w e  d i f f e r e n t i a t e  the i d e n t i t y  

w i t h  r e s p e c t  t o  ox and, on t h e  b a s i s  of (1.8), w e  s h a l l  examine t h e  fol lowing 

l i n e a r  homogeneous system w i t h  r e spec t  t o  ml, m2, and m3: 

It i s  ev iden t  from (3 .6 )  that ml, m2,  and m3 cannot b e  equal  t o  zero  a t  

t h e  same t i m e .  Therefore ,  t o  s a t i s f y  system (3 .7 )  i t  i s  s u f f i c i e n t  t h a t  JX 

Since  t h e  l a s t  l i n e s  of t h e  determinant (3 .8) ,  which are composed of t h e  
d i r e c t i o n  cosines of d i r e c t i o n s  a and y, cannot b e  p ropor t iona l ,  t h e  fol lowing 
is  s u f f i c i e n t  f o r  t he  s a t i s f a c t i o n  of ( 3 . 8 ) :  

- .  . .  .~ 

e i t h e r  Ornil  dox = ani, o r  hi I do, = bti '.' (i=1,2,3) (3 .9)  

H e r e  a and b are t h e  p r o p o r t i o n a l i t y  f a c t o r s .  L e t  us no te  t h a t  i n  a gener- 
a l  case a l i n e a r  combination of t he  following form may apply: 
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However, the s ta tements  a l ready  presented e s s e n t i a l l y  remain i n  fo rce .  
Now l e t  us  n o t e  that when t h e  f i r s t  (second) condi t ion  of ( 3 . 9 )  i s  f u l f i l l e d ,  
t h e  express ion  enclosed i n  b racke t s  i n  (3.5) becomes equal  t o  zero due t o  for-  
mulas ( 1 . 1 2 )  , where 'c Thus, t h e  v a l i d i t y  of formula ( 3 . 4 )  is  

proven. 

= 0 ( T ~ ~  = 0). 
BY 

Proceeding 1: a similar manner, t h e  fol lowing group of formulas can be  ob- 
t a i n e d  : 

( 3 . 1 0 )  

The v a l i d i t y  of Cas t ig l i ano ' s  formulas (3.2) becomes ev ident  f o r  t h e  considered 
multimodulus material on t h e  b a s i s  of these formulas. 

4 .  On t h e  b a s i s  of the Green (3.1) and t h e  Cas t ig l i ano  ( 3 . 2 )  formulas,  
t h e  Clapeyron formula ( 2 . 2 )  can be represented  i n  two ways: e .g . ,  

The s p e c i f i c  p o t e n t i a l  energy W can be considered i n  gene ra l  as a func t ion  
of on ly  t h e  stress components 0 

..., e 

p r i n c i p a l  s t r a i n s ,  (emy e 

stress o r  s t r a i n  components, are determined by a s i n g l e  value.  
of t h i s  and on the b a s i s  of E u l e r ' s  i nve r se  theorem concerning heterogeneous 
f u n c t i o n s  [ 4 ] ,  from (4.1) and ( 4 . 2 )  w e  can conclude t h a t  i f  w e  succeed i n  ex- 
p r e s s i n g  W, ( 2 . 3 )  o r  ( 2 . 4 )  only by stresses 0 ..., T o r  only by s t r a i n s  e 

..., e 

second-order func t ion  of i t s  arguments. 

...) T 

Y =  Y 

o r  only of t he  s t r a i n  components exx, 
X' Y Z  

, since i t  is  known t h a t  the p r i n c i p a l  stresses, (cia, OB, CT ), o r  t h e  

), and t h e i r  d i r e c t i o n  cos ines  f o r  t h e  given 66' 
On the s t r e n g t h  

X Y  Y Z  xxy 
, i n  t h e  multimodulus theory  of e l a s t i c i t y  i t  w i l l  a l s o  b e  a homogeneous 

Y Z  

5. Using t h e  r e s u l t s  presented  above and proceeding i n  p r e c i s e l y  t h e  same 
manner as i n  t h e  c lass ica l  theory of e l a s t i c i t y  [ 3 ] ,  w e  can prove t h e  v a l i d i t y  
of Clapeyron 's  theorem, and a l s o  t h e  v a r i a t i o n  equat ions  of Lagrange and 
C a s t i g l i a n o  f o r  t h e  multimodulus materials which w e  are consider ing.  
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